. In this paper, as an application of GreenTao's theorem on Dickson's conjecture, we study the distribution of prime points in the affine sublattice Ψ(Z d ) ∩ Φ(Z l ).
Introduction
This introduction borrows a great deal from the introduction by Green-Tao in [GT3] , since the author finds no way to improve on it. Definition 1.1. A lattice of rank t is a group isomorphic to Z t . An affine sublattice of Z t of rank k is a translation of a sublattice of Z t of rank k by a vector in Z t .
Definition 1.2. A point in Z t is called a prime point if its coordinates are all prime numbers.
A basic problem in additive number theory is to count the number of prime points on a given affine sublattice of Z t in a given range. For instance, the twin prime conjecture asserts that the number of prime points in {(n, n + 2) : n ∈ Z} ⊂ Z 2 is infinite.
Affine sublattices of Z t are closely related to affine-linear maps to Z t . If ψ 1 , . . . , ψ t is a system of affine-linear forms on Z d , then
is an affine-linear map from
is an affine-linear map, then there is a unique system ψ 1 , . . . , ψ t of affine-linear forms on Z d such that Ψ = (ψ 1 , . . . , ψ t ). Moreover, Ψ is linear if and only if all ψ i (1 i t) are linear.
is an affine sublattice of Z t . And, if L is an affine sublattice of Z t , then there is an affine-linear map Ψ :
In order to count the number of prime points on an affine sublattice of Z t , it is convenient to use the von Mangoldt function. Definition 1.4. The von Mangoldt function Λ : Z → R is defined by setting Λ(n) = log p when n > 1 is a power of a prime p, and Λ(n) = 0 otherwise. The t-dimensional von Mangoldt function Λ ⊗t : Z t → R is defined by setting
Let Ψ be an affine-linear map from Z d to Z t . We extend Ψ in an obvious manner to an affine-linear map from
In order to count the number of prime points in the affine sublattice Ψ(Z d ) of Z t in the range Ψ(K), we estimate the sum
The prime number theorem asserts that the average value of Λ(n) is 1 for positive n and 0 for negative n, so one might naïvely conjecture that the expression (1.1) is approximately
where |E| denotes the number of points of a set E. However this is not the case due to local obstructions at small moduli. For instance, we have
whenever q 1 and |b| q, where Z q := Z/qZ is the cyclic group of order q and Λ Zq : Z → R + is the local von Mangoldt function defined as follows. 
Definition 1.6. Given a linear map Ψ : Z d → Z t , one can define the local factor β Ψ (q) for any integer q 1 by the formula
Definition 1.7. Let ψ 1 , . . . , ψ t be a system of affine-linear forms on Z d , and Ψ = (ψ 1 , . . . , ψ t ). The size of Ψ relative to the scale N > 0 is defined to be the quantity
where e 1 , . . . , e d is the standard basis of
In [GT3] , Green-Tao introduced the notion of complexity for an affine-linear map from Z d to Z t , and reduced Dickson's conjecture in the finite complexity case to two families of conjectures. Definition 1.9 (Green-Tao partition). Let ψ 1 , . . . , ψ t be a system of linear forms on Z d , and Ψ = (ψ 1 , . . . , ψ t ). A Green-Tao partition of size s 0 of Ψ at i (1 i t) is a partition of the t − 1 forms {ψ j : j = i} into s + 1 classes such that ψ i does not lie in the Q-linear span of any class. Lemma 1.10 (Green-Tao, Lemma 1.6 in [GT3] ). Let ψ 1 , . . . , ψ t be a system of linear forms on Z d , and Ψ = (ψ 1 , . . . , ψ t ). Let 1 i t. A Green-Tao partition of Ψ at i exists if and only if ψ i is not a rational multiple of any other form.
Proof. First suppose that ψ i is not a rational multiple of any other form. Then the singleton partition {ψ j : j = i} = ∪ j =i {ψ j } is a Green-Tao partition of Ψ at i. Secondly suppose that ψ i is a rational multiple of some other form, say ψ i 0 , and {ψ j : j = i} = ∪ k A k is any partition. Then ψ i must lie in the Q-linear span of A k which contains ψ i 0 . Therefore that partition is not a Green-Tao partition of Ψ at i. Definition 1.11 (Green-Tao complexity) . Let ψ 1 , . . . , ψ t be a system of linear forms on Z d , and Ψ = (ψ 1 , . . . , ψ t ). Let 1 i t. If ψ i is not a rational multiple of any other form, the i-complexity of Ψ is defined to be the least of the sizes of all Green-Tao partitions of Ψ at i. If ψ i is a rational multiple of some other form, the i-complexity of Ψ is defined to be ∞. The Green-Tao complexity of Ψ is defined to be the largest of all i-complexities of Ψ with 1 i t. The Green-Tao complexity of an affine-linear map Ψ is defined to be the Green-Tao complexity ofΨ. Theorem 1.12 (Green-Tao, [GT3] ). Suppose that the Gowers Inverse conjecture GI(s) and the Möbius and nilsequences conjecture MN(s) are true for some finite s 1. Then Dickson's conjecture is true for all affine-linear maps of complexity at most s.
The conjectures GI(s) and MN(s) were formulated by Green-Tao in §8, [GT3] . The conjecture GI(1) is easy. The conjecture GI(2) was proved by Green-Tao in [GT1] . The conjectures MN(1) and MN(2) were proved by Green-Tao in [GT2] . However, Green and Tao attributed MN(1) essentially to the work of Hardy-Littlewood and Vinogradov.
From Theorem 1.12, Green-Tao infer the following theorem. Theorem 1.13 [GT3] ). Suppose that the Gowers Inverse conjecture GI(s) and the Möbius and nilsequences conjecture MN(s) are true for some finite s 1. Let N, t, M be positive integers. Let Θ : Z t → Z s be an affine-linear map of size O(M) such that Θ(Z t ) is of rank s, L := Θ −1 (0) is nonempty, and any hyperplane containinġ Θ −1 (0) has a normal vector with at least three nonzero coordinates. Let K ⊆ [1, N] t be convex. Then we have
where, for any prime number p,
(1.6)
Since the conjectures GI(s) and MN(s) are true when s 2, we have the following unconditional results. Theorem 1.14 (Green-Tao, [GT3] ). The Dickson's conjecture is true for all affinelinear maps of complexity at most 2. 
where r is the number of elementary p-divisors
In this paper we prove that the following theorem is a consequence of Theorem 1.12.
Theorem 1.17. Suppose that the Gowers Inverse conjecture GI(s) and the Möbius and nilsequences conjecture MN(s) are true for some finite s 1. Let N, d, l, t, M be positive integers. Let Ψ :
Modifying the arguments of Green-Tao in proving Theorem 1.13, one can infer from Theorem 1.17 the following theorem.
Theorem 1.18. Suppose that the Gowers Inverse conjecture GI(s) and the Möbius and nilsequences conjecture MN(s) are true for some finite s 1. Let N, l, t, M be positive integers. Let Θ :
is of finite index inΘ −1 (0). Suppose that any hyperplane containingΘ −1 (0) has a normal vector with at least three nonzero coordinates. Let K ⊆ [1, N] t be convex. Then we have
(1.10)
Since the conjectures GI(s) and MN(s) are true when s 2, we have the following unconditional results.
Theorem 1.20. Let s 2, N, l, t, M be positive integers. Let Θ : Z t → Z s and Φ :
is of finite index inΘ −1 (0). Suppose that any hyperplane containingΘ −1 (0) has a normal vector with at least three nonzero coordinates. Let K ⊆ [1, N] t be convex. Then (1.9) holds.
A great deal of work were done when Θ is an affine-linear form on Z 3 , and Φ is a system of independent arithmetic progressions. The pioneer is Rademacher [Ra] . The followers are Ayoub [Ay] , Liu-Tsang [LT] , Liu-Wang [LW] , Liu-Zhan [LZ] , Bauer [Ba] , and etc..
Complexity preserving maps
Definition 2.1. Let T : Z d → Z d be a linear map. We call T complexity preserving if for every linear map Ψ : Z d → Z t , the Green-Tao complexities of Ψ and Ψ • T are equal.
In this section we prove the following theorem. Proof. Let I : Z d → Z d be the identity map. Since T is complexity preserving, T = I •T is of Green-Tao complexity equal to that of I. It is easy to see that I is of Green-Tao complexity 0. So T is of the Green-Tao complexity 0.
Proposition 2.4 (Complexity preserving property implies full rank). If a linear map
be a linear complexity preserving map, then T is of Green-Tao complexity 0. Let T 1 , . . . , T t be linear forms on Z t such that T = (T 1 , . . . , T t ). Then the system T 1 , . . . , T t is Q-linearly independent. It follows that
Then the Green-Tao complexity Ψ • T is no less than that of Ψ.
Proof. Suppose that Ψ = (ψ 1 , . . . , ψ t ), where ψ 1 , . . . , ψ t is a system of linear forms on
. It suffices to show that the i-complexity of Ψ is no greater than s i . We may assume that s i < ∞. Let {ψ j • T : j = i} = ∪ s i k=1 {ψ j • T : j ∈ J k } be a Green-Tao partition of Ψ • T at i. Then {ψ j : j = i} = ∪ s i k=1 {ψ j : j ∈ J k } is a Green-Tao partition of Ψ • T at i. It follows that the i-complexity of Ψ is no greater than s i .
We now prove Theorem 2.2.
Proof of Theorem 2.2. Since complexity preserving property implies full rank, it remains to show that full rankness implies complexity preserving property. Suppose that T (Z d ) is of rank d. Let Ψ : Z d → Z t be an arbitrary linear map. We must show that the Green-Tao complexity of Ψ • T is equal to that of Ψ. By the last lemma, it suffices to show that the Green-Tao complexity of Ψ is no less than that of Ψ • T . As T (Z d ) is of rank d, there is a linear map Q : Z d → Z d and a nonzero integer a such that T • Q = aI. By the last lemma, the Green-Tao complexity of aΨ = Ψ • T • Q is no less than that of Ψ • T . Since scalars are obviously complexity preserving, the Green-Tao complexity of aΨ is equal to that of Ψ. It follows that the Green-Tao complexity of Ψ is no less than that of Ψ • T . Theorem 2.2 is proved.
